The chiralities of spiral waves usually refer to their rotation directions (the turning orientations of the spiral temporal movements as time elapses) and their curl directions (the winding orientations of the spiral spatial geometrical structures themselves). Traditionally, they are the same as each other. Namely, they are both clockwise or both counterclockwise. Moreover, the chiralities are determined by the topological charges of spiral waves, and thus they are conserved quantities. After the inwardly propagating spirals were experimentally observed, the relationship between the chiralities and the one between the chiralities and the topological charges are no longer preserved. The chiralities thus become more complex than ever before. As a result, there is now a desire to further study them. In this paper, the chiralities and their transition properties for all kinds of spiral waves are systemically studied in the framework of the complex Ginzburg-Landau equation, and the general relationships both between the chiralities and between the chiralities and the topological charges are obtained. The investigation of some other models, such as the FitzHugh-Nagumo model, the nonuniform Oregonator model, the modified standard model, etc., is also discussed for comparison.
I. INTRODUCTION
A rotating vortex, the so-called spiral wave, can emerge from many different natural systems, such as cardiac muscle [1] , the oxidation of CO on platinum [2] , the BelousovZhabotinsky (BZ) reaction [3] , etc. Due to its close relevance particularly to dangerous heart diseases, such as tachycardia and fibrillation [4] [5] [6] [7] [8] [9] , it is attracting much attention at present. The global dynamic behavior of a spiral is very complex, while some features can be well described by the motion of its rotation center. Usually, the center is defined by a phase singularity, which can be described in terms of the topological charge, or the winding number. And such topological charge is all the time a conserved quantity [10] [11] [12] [13] . Owing to the conservation of the topological charge, there are some special dynamic properties for spiral waves. For example, the topological charges for the generated or annihilated spiral pair must be opposite; local changes for the concentrations of the reagents can make the phase singularity move but cannot destroy it, etc.
Traditionally, the topological charge can explicitly determine the chiralities of spiral waves, namely, their rotation directions (the turning orientations of the spiral temporal movements as time elapses) and their curl directions (the winding orientations of the spiral spatial geometrical structures themselves). Specifically, if it is positive, the rotation and the curl directions of spiral waves are both clockwise (CW), while if it is negative, they are both counterclockwise (CCW) [14] . That is, these two chiralities are the same as each other. Furthermore, the chiralities are conserved quantities being the same as the topological charge.
In general, these characteristics of chiralities serve well for spirals in uniform excitable media, where only outwardly propagating spirals (OPSs) exist. The inwardly propagating spirals (IPSs) were first observed in the oscillatory BZ reaction dispersed in water droplets of a water-in-oil microemulsion [15] . Since then, they have also been discovered in some other systems, such as the single-phase reaction-diffusion (RD) system [16] , the artificial tissue of oscillatory cells [17] , oscillatory glycolysis [18] , etc., and have been extensively studied (see, e.g., Refs. [19] [20] [21] [22] [23] ). In particular, they have also been observed numerically in nonuniform excitable media recently [24] . Now, the relationship between the rotation and the curl directions and the one between the chiralities and the topological charges, which work well for OPSs in uniform excitable media, are not preserved any more. The chiralities thus become more complex than ever before. Therefore, there is a desired need to further study them. In Ref. [25] , the authors demonstrated that, generated from the same initial condition but with different system parameters in the perturbed complex Ginzburg-Landau equation (CGLE), the curl directions of spiral waves may be different. The authors in Ref. [26] illustrated that, during spiral transitions in the CGLE, the curl direction is conserved, but the rotation one is not conserved any more, while, the study in Ref. [27] showed that the curl direction is no longer conserved in the coupled CGLE (CCGLE) during spiral transitions, and the rotation one is still conserved in such processes. Now some natural problems are, more generally, whether the chiralities are still conserved, whether the topological charge is still conserved, and what are the essential relationships between the chiralities and the topological charges, especially, between the chiralities themselves?
This paper is aimed at systemically studying the general relationships both between the chiralities and the topological charges and between the chiralities themselves, and also at systemically studying the transition of the chiralities. For this purpose and for simplicity, we start our study with the simulation of the CGLE to investigate the properties for the chiralities and their transitions. At the same time, we explore the general relationships between the chiralities and the topological charges and between the chiralities themselves. And we also analyze the conservation or nonconservation characteristics for the chiralities and also the topological charges. Then for comparison, we further investigate some other models, such as the FitzHugh-Nagumo (FHN) model, the nonuniform Oregonator model, the modified standard model, etc.
II. TOPOLOGICAL CHARGE AND CHIRALITIES
We now consider the following CGLE [28] [29] [30] :
where A(x,y,t) is a complex field and describes the amplitude of the pattern modulations. The real parameters α and β are the nonlinear frequency shift and dissipative coefficient, respectively, and ω the linear frequency. ∇ 2 denotes the two-dimensional Laplacian operator. This equation provides a universal description for spatially extended systems where their homogeneous states are oscillatory and in the vicinity of the supercritical Hopf bifurcation.
The topological charge of the spiral in the CGLE can be defined by [31] 
where φ = argA, and is a closed curve around the phase singularity where A = 0. Following the methods in Refs. [14, 32] , it can be proved that
where
, and A 2 = Im[A] being the real and the imaginary part of the complex field A, respectively. So,
and D (A/x) PS is the value of D (A/x) at the phase singularity. For a spiral, |∇A 1 × ∇A 2 | takes its maximum value approximately at the phase singularity, while it is almost zero in other regions. We can thus approximately identify the phase singularity position for a spiral by maximizing the value of
Moreover, based on the same methods in Refs. [14, 32] , it can also be proved that W is a conserved quantity. Here, it is worth noting that the above discussions [including Eqs. (2) and (3)] are not limited to any specific type of spirals, so W is conserved for all kinds of spirals, including both OPSs and IPSs.
To study the spiral chiralities, we will numerically simulate the CGLE in the following. In the simulations, no-flux conditions are imposed at the boundaries, and the spiral waves are generated by the same cross-field initial condition in the different studied cases. The fourth-order Runge-Kutta algorithm is used for the integration, and the five-point approximation is chosen to discretize the Laplace operator. As a whole, the above results show that the curl and the rotation direction are not always the same as each other. While here we must remember that all the above spirals are generated by the same initial condition, so their topological charges must be the same in principle. Indeed by calculating the value of D (A/x) PS , we find in such all cases that its signs Table I [D (A/x) PS > 0; i.e., the topological charge W is positive (W = +1)] regardless of the curl, the rotation, and the propagation directions of the spirals. By the careful analysis for the characteristics of the chiralities and the topological charge (e.g., see Table I ), we further find that there is a fixed relationship between them, namely,
Actually, when the topological charge W is negative (W = −1), we can also make a similar analysis in the same way as above. In this case, we can get from Fig. 3 or Table II that the   TABLE II . The chiralities of four types of spirals in the CGLE (the topological charge W = −1). Fig. 3(d) relationship between the chiralities and the topological charge will change to
Combining Eqs. (5) with (6), we can get the following relationship between the chiralities:
Note that, for spirals in uniform excitable media, there are only two cases: (C,R,P ,W ) = (−1, − 1, + 1, + 1) and (C,R,P ,W ) = (+1, + 1, + 1, − 1), which correspond to Figs. 2(b) and 3(b) , respectively. And the relationship between the chiralities and the topological charges is greatly simplified:
III. TRANSITIONS OF CHIRALITIES
To study the chirality transitions, for simplicity, we further numerically simulate the CGLE in the following. In the simulations, we use the same algorithm and its parameters as discussed in Sec. II. For convenience, the initial condition we use here is the well-developed spiral wave in Fig. 2(a) , and we will study its transitions under the parameters in Figs. 2(b)-2(d) .
By the simulations, we find when we change the parameters in Fig. 2(a) to the other ones in Figs. 2(b)-2(d) , the original spiral in Fig. 2 the spirals with different curl directions, the wave structure of the original spiral will deform greatly in the beginning, then its tip will suffer from a splitting effect resulting in an opposite orientation for the generation of the new spiral tip (see Figs. 4  and 7) . And in the process of the transitions between the spirals with the same curl directions, the wave structure of the original spiral will not deform at first, and the new spiral tip directly generates from the original one in the same orientation free from the split (see Fig. 6 ). Moreover, the topological charge is of course conserved at all times regardless of the transition kinds (e.g., see Fig. 5 ).
The above results show that the spiral in Fig. 2 these transitions. Not only can each of the rotation and the curl direction change alone (see Figs. 6 and 7) , but also both of them may change at the same time (see Fig. 4 ). And the same results can also be obtained if we consider the W = −1 case as shown in Fig. 3 or Table II . Meanwhile, we can see conveniently from Tables I or II that, in each case of the transitions, one of the three directions, i.e., C, R and P , can be survived, while the two others will have to be changed. Therefore, we can see that Eqs. (5)- (7) can work well during spiral transitions. Fig. 8(a) Fig. 9 (a) C = −1 R = +1 P = −1 W = +1 Fig. 8(b) Fig. 9(b) Moreover, we find the above spiral transitions can also be observed in some other systems. As a case in point, we would like to study the CCGLE, one investigated in Ref. [27] recently. With suitable parameters, we can get the similar transition for spiral waves and their evolution properties as discussed in Ref. [27] (see Fig. 8 ). After this, we further examine the topological charge and find that it is conserved in such transition. We can see from Table III that, after the spiral transition, the curl direction is changed from C = +1 to C = −1, and the rotation direction stays the same, which is similar to that in Ref. [27] [see the spiral transition from Figs. 3(a) to 3(c) in Ref. [27] ]. Equations (5) and (7) still work effectively because the propagation direction has been changed from P = +1 to P = −1 at the same time.
We also study the nonuniform CGLE (NCGLE) [34] . For simplicity, we use the well-developed spiral wave in Fig. 2(a) as the initial condition, and consider its evolution under the influence of disk-shaped inhomogeneity. The simulation shows that, if the original spiral in Fig. 2(a) suffers from the inhomogeneity effects, it will evolve into the so-called sink spiral as discussed in Ref. [34] (see Fig. 9 ). In this case, we also examine the topological charge and find that it is conserved. During the spiral transition, we also find, similar to the case of the CCGLE, that the chiralities are not conserved, and Eqs. (5) and (7) work well (see Table III ).
Actually, as for the RD systems, the above spiral transitions in the uniform CGLE can also be reproduced except in the case of Fig. 6 . The reason for this is that, as shown in Fig. 1 , the two subdomains discussed in Fig. 6 (I and II) support two different FIG. 9 . (Color online) The sink spiral (b) generated from the spiral wave in Fig. 2(a) for the NCGLE [34] . Similar to Ref. [34] , we consider ω in Eq. types of spirals in the CGLE while they have the same kind of spiral in the RD systems. As a case in point, we would like to study the FHN model. We can see from Fig. 10 that the original OPS in the FHN model will change its state to IPS after the system parameters have been changed suitably. At the same time, we also examine the topological charge and find that it is conserved. And during the spiral transition, we also find that, similar to the case of the CGLE, the chiralities are not conserved, and Eqs. (5) and (7) are satisfied well (see Table IV ). In fact, the similar transition in the FHN model can also be observed if we set IPS as the original state in turn.
In addition, we also study the spiral transitions in the nonuniform Oregonator model [34] and the modified standard model [35] . After that, we further investigate the chiralities and their transitions in such cases. Finally, we find that the topological charges are conserved while the chiralities are not conserved, and Eqs. (5)- (7) can also work as well as in all of the above cases. 
IV. CONCLUSION
In summary, we have systemically studied the chiralities of spiral waves and their transition characteristics in the CGLE, which includes all kinds of spirals in uniform active media as shown in Figs. 2 and 3 . In fact, the relationships traditionally discussed between the chiralities themselves and also between them and the topological charges only work for some special cases of spirals, namely, the OPSs in uniform excitable media. In this study, we get the general relationships between the chiralities and between them and the topological charges for various kinds of spiral waves. In addition, this study shows that the topological charges are conserved while the chiralities are not conserved during different kinds of spiral transitions. And in the process of the transitions, the general relationships both between the chiralities and between them and the topological charges still work effectively. We further find the above obtained results in the CGLE also serve well in some other models, such as the FHN model, the nonuniform Oregonator model, the modified standard model, etc. This study thus provides general properties and a comprehensive description for the chiralities of spiral waves and their transitions.
